Abstract: We study the dynamical properties of bright-bright solitons in two species Bose-Einstein condensates with the repulsive interspecies interactions under the external harmonic potentials by using a variational approach combined with numerical simulation. It is found that the interactions between bright-bright solitons vary from repulsive to attractive interactions with the increasing of their separating distances. And the bright-bright solitons can be localized at equilibrium positions, different from the periodic oscillation of bright soliton in the single species condensates. Especially, a through-collision is newly observed from the bright-bright solitons collisions with the increasing of the initial velocity. The collisional type of bright-bright solitons, either rebound -or through -collision, depends on the modulation of the initial conditions. These results will be helpful for the experimental manipulating such solitons.
Introduction
Recently, matter wave soliton pairs of dark-dark solitons and dark-bright solitons have been experimentally observed in two species Bose-Einstein condensates (BECs) [1] [2] [3] [4] [5] [6] [7] . In the experiment, an external magnetic gradient is applied to make the two species BECs undergo phase separation [1, 2] . In the phase separation regime, the bright soliton in one species can be stably trapped inside a density dip of the dark soliton in the other species [3] , while it can not occur in the single species BECs. This means that the lifetime of bright soliton in two-species BECs [3] is longer than that of one in the single species BECs [8, 9] . This long-lived bright solitons may open possibilities for future applications in coherent atomic optics, atom interferometry, and atom transport.
The possibility of creating soliton pairs in two species BECs has stimulated considerable theoretical interest in their existence conditions, stability, interactions, collisions, and so on . Based on the mean-field theory, the solitons properties in the two species BECs are usually described by the coupled Gross-Pitaevskii (GP) equation, which is similar to the coupled nonlinear Schrödinger equation (NLSE) used in nonlinear optics. Some literatures showed that in the absence of the external potentials, the interactions between the brightbright solitons (BBSs) are mainly determined by the interspecies interactions of two species BECs [10] [11] [12] . In this case, for the attractive (repulsive) interspecies in- * E-mail: dlwang@xtu.edu.cn teraction, there is an attractive (repulsive) potential between the BBSs, and thus they exhibited always attraction [10, 11] (repelsion [12] ) each other. Taking into account the external harmonic potential, we here explore the dynamical properties of BBSs in two species BECs. It is found that the interactions between BBSs vary from repulsive to attractive interactions with the increasing of their separating distances, even for repulsive interspecies interactions. And the BBSs can be localized at the equilibrium position, different from the periodic oscillation of bright soliton in the single species condensates.
In addition, the interspecies interactions of two species BECs have important effect on the collisional properties of BBSs [13] [14] [15] [16] [17] . For the attractive interactions, a through-collision (TC) occurs between the BBSs [13, 14] . Such solitons pass through each other at the collision point, and the TC is independent of the initial conditions, such as the separating distances and velocities [14] . For the repulsive interspecies interactions, there exists a regime of elastic particle collisions [15] , where there occurs a rebound-collision (RC) with a momentum exchange between the BBSs. It is worthwhile pointing out that, in nonlinear optics, the collisional type of BBSs can be controlled by their initial velocities [17] .
To our knowledge, there is little report on the effect of the initial velocity and separating distance on the collisional properties of BBSs in two species BECs with the repulsive interspecies interactions. Therefore, considering the repulsive interspecies interactions and external harmonic potentials, we explore the collisions between BBSs with different initial velocities and separating distance. It is found that a TC is newly observed from the BBSs collisions with the increasing of the initial veloc-ity. And the collisional type of BBSs, either TC or RC, depends on the modulation of the initial conditions.
Model
We consider that the two species BECs are trapped in the harmonic potentials [30] [31] [32] [33] [34] 
Here, ω ⊥(i) and ω i are the radial and transverse trapping frequencies with i = 1, 2, and M i is the atomic mass of the i th species. If ω ⊥(i) ≫ ω i , it is reasonable to reduce the GP equation to a coupled one-dimensional NLSE
where N i (i = 1, 2) is the atoms number of the i th species; a i and a 12 are the intraspecies and interspecies scattering length (SL), respectively; and 1/M = 1/M 1 + 1/M 2 . Subsequently, we introduce some dimensionless variables X = a ⊥ x, T = 2t/ω ⊥(1) , and ψ i = a ⊥ Ψ i , with a ⊥ = h/M 1 ω ⊥(1) , so that Eqs. (1) and (2) are reduced into
where
We here consider the two species BECs composed of 7 Li and 39 K atoms which is accessible for experiments, and the species one (two) is 7 Li ( 39 K) condensate. Based on the currently experimental conditions, the radial trapping frequencies are chosen as ω ⊥(1) = ω ⊥(2) = 2π × 100 Hz, so that the time and space units correspond to 6.4 ms and 5.4 µm in reality, respectively. We also choose the atom numbers N 1 = N 2 = 2000, the intraspecies SLs a 1 = −25 a B and a 2 = −139 a B , respectively, and interspecies SL a 12 = −42.4 a B . Here, a B is Bohr radius.
Variational approach
When the interspecies interactions were repulsive, the BBSs exhibited repelsive each other [12] . It means that there is a repulsive potential between the BBSs. In order to obtain this effective potential, we solve Eqs. (3) and (4) by using a variational approach [10] . We here propose that ω 1 = ω 2 = 0, in this case, the ansatz solitons solutions of Eqs. (3) and (4) are chosen as
where κ is constant; a, x j , η j , and µ j are the functions of time t with j = 1, 2. So, the Lagrangian density Γ can be given by
Here, the overbar denotes the complex conjugate. Substituting Eq. (5) into Eq. (6) and then integrating the result over x from −∞ to ∞, we obtain the Lagrangian
(8) The action is defined as I = t2 t1
Ldt . We can get a set of equations for the ansatz parameters from the least-action principle δI = 0 . They are given by
where j = 1, 2. From the Eqs. (10) and (11), we get
and Newton's motion equation where j = 1, 2. Accordingly, we obtain
where P and E are integral constants. If we take a 2 as the mass of the soliton, equations (15) and (16) represent the conservation of momentum and energy of the solitons, respectively. In Eq. (16), we can define the effective potential V ef f (q) [10] 
Here q = x 2 − x 1 represents the separating distances of two solitons. For a better understanding this effective potential between the BBSs, we plot the effective potential varying with the separating distance in Fig. 1 . One can see that with the increasing value of separating distance q, the effective potential V ef f (q) decreases. And when q increases a defined value, the effective potential vanishes. This manifests that the force between the BBSs is a short-range force.
The interaction forces between two solitons
To obtain interaction forces between the BBSs, we here numerically simulate the Eq. (2) by the Crank-Nicolson method [34] . The initial conditions are chosen as [15] 
where b j , x j , and c j are constant with j = 1, 2. To get the range of the interspecies interaction force, we first consider that the transverse trapping frequencies In this case, we can obtain that the range of this repulsive force is the separating distance q ≤ 8.40. In addition, from the inset of Fig. 1 , it makes sure that when the separating distance q = 8.40, the V ef f (q) ≈ 10 −4 ≈ 0. So the numerical result is in good agreement with the result of the variational approach.
We then choose the transverse trapping frequencies ω 1 = 1.4π Hz and ω 2 = 0.6π Hz to explore the interaction forces between the BBSs. Figure 3 shows the corresponding solitons positions varying with the time. In this case, the initial velocities of two solitons are still set as c 1 = c 2 = 0. One can see from Fig. 3(a) that at the initial time, the bright soliton of species one is at x 1 = 2.00, and the bright soliton of species two is at x 2 = −2.00. With the time going on, the bright soliton of species one moves along the positive direction of x -axis, and the other one moves along the negative direction of x -axis. This indicates that the interaction between two soliton is repulsive. While the initial positions of two solitons are displaced at x 1 = −x 2 = 4.00 [see Fig. 3(b) ], it is interesting to see that the bright soliton of species one moves along the negative direction of x -axis, and the other one moves along the positive direction of x -axis. This indicates that the interaction between two solitons is attractive. We here can conclude that the interactions between the BBSs vary from repulsive to attractive with the increasing of the separating distance. In fact, when two solitons are trapped in the harmonic potentials, each soliton undergoes two forces which are from the external potentials and interspecies interactions. For convenience, we here defined F 1(i) and F 2(i) (i = 1, 2) represent the forces coming from the external potentials and interspecies interactions, respectively. That is
and F 2(i) = −∂V ef f (q)/∂x i with i = 1, 2. When the two bright solitons are at x 1 = 2.00 and x 2 = −2.00, respectively, [such as in Fig. 3(a) ], we have F 1(1) = −F 1(2) ≈ −0.00800 and F 2(1) = −F 2(2) ≈ 0.13428. Duo to that |F 2 | > |F 1 |, two solitons undergo repulsive interactions each other. While the two bright solitons are at x 1 = 4.00 and x 2 = −4.00, respectively, [such as in Fig. 3(b) ], there are F 1(1) = −F 1(2) ≈ −0.01600 and F 2(1) = −F 2(2) ≈ 0.00030, so that |F 2 | < |F 1 | and thus two solitons attract each other. That is to say, the interactions between two solitons, either attractive or repulsive, depend on the difference between the absolute value of F 1 and F 2 .
In addition, if the two bright solitons newly displace at x 1 = 2.84 and x 2 = −2.84, respectively, there are F 1(1) = −F 1(2) ≈ −0.01136 and F 2(1) = −F 2(2) ≈ 0.01135, so that |F 2 | ≈ |F 1 |. In this case, the propagating characteristics of two bright solitons are shown in Fig. 4 . One sees that the width, amplitude, and position of each soliton keep unchanged with time. Obviously, they are localized solitons, different from the periodic oscillation of bright soliton in the single species BECs [35, 36] . Thanks to the two balance forces, the lifetime of the bright solitons in two-species BECs at the equilibrium positions should be longer than that of one in the single BECs. These stable bright solitons may open possibilities for future applications in coherent atomic optics.
From discussed above, we conclude that the interaction forces between BBSs of two species BECs trapped in the harmonic potentials exhibit either attraction or repulsion, which is controlled by their initial separating distance. And the BBSs can be localized at equilibrium positions of two equal forces. 
The collision properties of BBSs
In order to explore the effect of initial velocity on the collision properties of BBSs, we here consider the two bright solitons are at the equilibrium positions (which are at x 1 = 2.84 and x 2 = −2.84, respectively). Figure 5 shows the soliton positions as a function of the time with Fig. 5(a) ], respectively, the two solitons move towards each other and take place a collision at t ≈ 5. They do not pass through each other at the collision point, so, this collision belongs to RC. This phenomenon is similar with the report in Ref. [15] . While the initial velocities of two solitons are increased to c 1 = 0.7 and c 2 = −0.7 [see Fig.  5(b) ], respectively. Interestingly, it is observed that the two bright solitons pass through each other at the time t ≈ 1.2. This collision is TC. The followed TC behavior can be observed at t ≈ 10 and t ≈ 18.5. This shows that the collision type of BBSs exhibits a transition from RC to TC.
Subsequently, in order to get the effect of initial separating distance on the collision properties of BBSs, we propose that the initial velocities of two solitons are c 1 = 0.8 and c 2 = −0.8, respectively. The corresponding collisional behaviors of BBSs with different initial separating distance are plotted in Fig. 6 . When two solitons are at x 1 = 2.00 and x 2 = −2.00, respectively [see Fig. 6(b) ], respectively, it is interesting to observe that the collisions between two solitons are all RC. We here can conclude that the collisional type of BBSs, either TC or RC, depends on their initial velocities and separating distance. These results will be helpful for the experimental manipulating such BBSs.
Conclusion
In summary, we investigate the dynamical properties of BBSs in two species BECs with the repulsive interspecies interaction under the external harmonic potentials. Using the variational approach, we obtain the effective repulsive potential inducing by the interspecies interactions. By analyzing this effective potential, we find that the repulsive force between the BBSs is a short-range force. Then, we numerical simulate the dynamical properties of BBSs in the coupled one-dimensional NLSE by the Crank-Nicolson method. It is shown that the interactions between BBSs vary from repulsive to attractive interaction with the increasing of their separating distance. And the BBSs can be localized at equilibrium positions. These stable solitons may open possibilities for future applications in coherent atomic optics. Moreover, it is found that the TC is newly observed from the BBSs collisions with the increasing of their initial velocities. And the collisional type of BBSs, either TC or RC, depends on the modulation of the initial conditions.
